Abstract. The derivation relation is a well known relation among multiple zeta values, which was first obtained by Ihara, Kaneko and Zagier. The analogous formula for finite multiple zeta values, which we call the derivation relation for finite multiple zeta values, was conjectured by the third author and proved by the second author.
The SMZ(S)Vs was introduced by Kaneko and Zagier [7, 8] . For k 1 , . . . , k r ∈ Z ≥1 , we let ζ * S (k 1 , . . . , k r ) = r i=0 (−1) k 1 +···+k i ζ * (k i , . . . , k 1 )ζ * (k i+1 , . . . , k r ).
Here, the symbols ζ * on the right-hand sides stand for the regularized values coming from harmonic regularizations, i.e., real values obtained by taking constant terms of harmonic regularizations as explained in Ihara-Kaneko-Zagier [4] . In the sum, we understand ζ * (∅) = 1.
Let Z R be the Q-vector subspace of R spanned by 1 and all MZVs, which is a Q-algebra. Then, the SMZVs is defined as an element in the quotient ring Z R /(ζ(2)) by
, we also define the SMZSVs by
• is either a comma "," or a plus "+"
Denoting Z A by the Q-vector subspace of A spanned by 1 and all A-FMZVs, Kaneko and Zagier conjecture that Z A and Z R /(ζ(2)) are isomorphic as Q-algebras via the correspondence ζ A (k 1 , . . . , k r ) ↔ ζ S (k 1 , . . . , k r ). (For more details, see Kaneko-Zagier [7, 8] .) In what follows, we call A-FMZVs and SMZVs as FMZVs.
Main results.
The topics that we present in this paper are derivation relations and Ohno type relations. There are 5 types of relations we mainly discuss in this paper.
• Derivation relation for MZVs (Ihara-Kaneko-Zagier [4] ; Theorem 2.1) • Ohno's relation for MZVs (Ohno [12] ; Theorem 2.3)
• Ohno type relation for MZVs (Theorem 2.5)
• Derivation relation for FMZVs (Murahara [11] ; Theorem 3.1)
• Ohno type relation for FMZVs (Oyama [13] ; Theorem 3.
3) The derivation relation proved in [4] (Theorem 2.1) is the well known relation among MZVs. As an analogue, the second auther [11] proved its counterpart for FMZVs (Theorem 3.1). On the other hand, Ohno [12] obtained one of the most general explicit relations among MZVs. This is commonly reffered to as 'Ohno's relation' (Theorem 2.3). The third auther [13] obtained its analogue for FMZVs (Theorem 3.3). In section 2, we present its counterpart for MZVs ('Ohno type relation', Theorem 2.5).
In this paper, we will show the followings: . Let H = Q x, y be the noncommutative polynomial ring in two indeterminates x, y, and H 1 (resp. H 0 ) its subring Q + Hy (resp. Q + xHy).
. Such a derivation is uniquely determined by its images of generators x and y. Set z = x + y. For each l ∈ Z ≥1 , the derivation ∂ l on H is defined by ∂ l (x) = xz l−1 y and ∂ l (y) = −xz l−1 y. We note that ∂ l (1) = 0 and ∂ l (z) = 0. 
be an index with k 1 ≥ 2. We write k = (a 1 + 1, 1, . . . , 1
with a p , b q ≥ 1. Then, the dual index of k is denoted by
where (k
is the dual index of k. We introduce the results similar to Theorem 2.3. The main difference between Theorem 2.3 and the following Thoerem 2.5 is whether to describe the statement by the dual index or the Hoffman's dual index. Thoerem 2.5 is essentially contained in Theorem 2.3 and is equivalent to Theorem 2.1.
Theorem 2.5 (Ohno type relation for MZVs
and m ∈ Z ≥0 , we have
The equivalence of derivation relation and Ohno type relation (MZVs). In this subsection, we prove the following: Theorem 2.6. The derivation relation (Theorem 2.1) and the Ohno type relation (Theorem 2.5) are equivalent.
We define Q-linear map R : Hy → Hy by R(z k 1 . . . z kr ) = z kr . . . z k 1 . Let τ be the antiautomorphism of H that interchanges x and y. We also let α be the automorphism of H that interchanges x and y, andα be the Q-linear map satisfyingα(wy) = α(w)y. We define the map σ as an automorphism of H = Q x, y satisfying σ(x) = x and σ(y) = 
. We can easily confirm the following proposition. Proposition 2.7. For w ∈ xHy, we have
Proof of Theorem 2.6. According to Ihara-Kaneko-Zagier [4] , the derivation relation is denoted by Z ((σ m − τ σ m τ )L x (w)) = 0 for w ∈ Hy. Similarly, we find the Ohno type relation can be stated by Z (L x (σ m −ασ mα )(w)) = 0 for w ∈ Hy. We note that L x σ = σL x , Rσ m = σ m R, and Rα =αR. The following equivalence proves the theorem:
Derivation relation and Ohno type relation for finite multiple zeta values and their equivalence
The derivation relation for FMZVs is conjectured by the third author and proved by the second author [11] . We define two Q-linear maps Z A : H 1 → A and Z S :
. . , k r ), and Z S (1) = 1 and
For notational simplicity, we write F = A or S.
Theorem 3.1 (Derivation relation for FMZVs; Murahara [11] ). For l ∈ Z ≥1 , we have
Remark 3.2. Jarossay mentioned the exsistence of the lift of Theorem 3.1 for p-adic AFMZVs (for details, see Jarossay [6] ).
The third author [13] proved the Ohno type relation for FMZVs, which was first conjectured by Kaneko [7] . Theorem 3.3 (Ohno type relation for FMZVs; Oyama [13] ). For (k 1 , . . . , k r ) ∈ Z r ≥1 and m ∈ Z ≥0 , we have
Then, we get the following result. x (σ m −τ σ m τ )L x (w)) = 0 for w ∈ xHy and Z ((σ m −ασ mα )(w)) = 0 for w ∈ Hy. Then, we can similarly prove the theorem by the following equivalence:
Two alternative proofs of derivation relation for MZVs
In this section, we prove Theorem 2.1 in several ways. We define an automorphism φ of H by φ(x) = z = x + y, φ(y) = −y. We also write Hy * Hy = {w * w ′ | w, w ′ ∈ Hy}, Hy * Hy = {w * w ′ | w, w ′ ∈ Hy}.
Here, the harmonic product * (resp. harmonic-star product * ) on H 1 is defined by
(k, l ∈ Z ≥1 and w, w 1 , w 2 are words in H 1 ), together with Q-bilinearity. The harmonic product * (resp. the harmonic-star product * ) is commutative and associative, therefore H 1 is a Q-commutative algebra with respect to * (resp. * ). (See also Hoffman [1] and Muneta [10] .)
In the proofs, we use the linear part of the Kawashima's relation. We define the Q-linear
Theorem 4.1 (Kawashima's relation; Kawashima [9] ). We have
4.1. The first proof. Recall z = x + y. We define an automorphism S 1 of H by S 1 (x) = x, S 1 (y) = z, and S the Q-linear map of Hy satisfying S(1) = 1 and S(wy) = S 1 (w)y (w ∈ H). We also set an automorphismS 1 of H byS 1 (x) = x,S 1 (y) = y − x, andS the Q-linear map of Hy satisfyingS(1) = 1 andS(wy) =S 1 (w)y (w ∈ H). We note that
Ihara-Kajikawa-Ohno-Okuda [3] shows the equivalence of the following Theorem 4.2 and the derivation relation for MZVs (Theorem 2.1). To prove Theorem 2.1, we show Theorem 4.2 instead.
Theorem 4.2 (Ihara-Kajikawa-Ohno-Okuda [3] ). For l ∈ Z ≥1 , we have
Proof. For w = xy
By Theorem 4.1, we have the desired result.
4.2.
The second proof. We prove the following theorem instead of Theorem 2.1.
When n = 0, we understand the left-hand side is Z (x∂ l (w)) and the right-hand side is −Z (xz l−1 yw).
Remark 4.4. We note that Theorem 2.1 is essentially equivalent to Theorem 4.3. Since
for w ′ ∈ Hy, we see that the statement of Theorem 2.1 can be replaced to
Thus, Theorem 4.3 (the case n = 0) implies Theorem 2.1. On the other hand, since
Proof of Theorem 4.3. We notice that any word in Hy can be written by the linear combination of the words z k 1 −1 y · · · z kr−1 y, e.g., yxy = yzy − y 3 . Thus, we need to prove the theorem only for the word of the form w = z k 1 −1 y · · · z kr−1 y. For w = z k 1 −1 y · · · z kr −1 y, we call r the length of w. We prove the theorem by induction on the length of w = z
We see by Theorem 4.1,
Here, we note that the proof is also valid when n = 0.
(II) We assume the identity holds for r − 1. For w = z
By the induction hypothesis, we have
Thus, we find
Three alternative proofs of derivation relation for FMZVs
In this section, we present three different proofs of Theorem 3.1. The following theorem gives the important properties of FMZVs. The first equality for A-FMZVs was proved by Hoffman [2] and the others were obtained by Kaneko-Zagier [7, 8] .
Theorem 5.1 (Hoffman [2] , Kaneko-Zagier [7, 8] ). For w = z k 1 · · · z kr and w
where |w| denotes the degree of the word w in x and y.
In the proofs, we use the following relations, which are called the duality formulas for FMZ(S)Vs.
by Theorem 5.1 and the fact Z F (x l−1 y) = 0.
Proof of Theorem 3.1. Since ∂ l = −φ • δ l • φ, the first statement of Lemma 5.2, and the above lemma, we have
for w ∈ Hy. Thus, we find Theorem 3.1 holds.
5.2.
The second proof. The similar argument of Ihara-Kajikawa-Ohno-Okuda [3] shows the equivalence of the following Theorem 5.4 and the derivation relation for FMZVs.
Now, we prove this theorem instead of Theorem 3.1. By theorem 5.1, we have
and
This finishes the proof.
